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Abstract

Over the past few decades, survey researchers have become increasingly interested in the
randomized response technique. Numerous disciplines, including sociology, psychology, business,
and education, have used the randomized response technique. Researchers can use it to address
high non-response rates in sample surveys on delicate subjects such as monthly income, traffic
infractions, income tax amount, and luxury spending. An optimal scrambling strategy that includes
forced replies is presented in this research. The population mean estimator developed using the
provided technique has been found to exhibit algebraic characteristics. The different model
evaluation metrics were acquired and contrasted with existing models. The findings of this study
indicate that the new quantitative method based on forced responses is more efficient than the
current scrambling methods. Additionally, it combines model efficiency with a higher level of
privacy, making it particularly valuable for practical applications. This paper also presents a
helpful example of how this method can be utilized in sensitive sample surveys.

Keywords: Efficiency, Forced Responses, Privacy Protection, Sensitive Surveys.

Introduction

In almost every study, researchers encounter refusals and fake responses from survey participants.
Non-response and false reporting are especially common in sample surveys with sensitive
questions, such as those about illegal income, exam cheating, drug use, smoking habits, and luxury
spending, among others. In an attempt to overcome non-response in sample surveys, Warner
(1965) offered randomized responses. The Warner (1965) approach was intended to be used in
sample surveys with binary data. Warner (1971) presented an adaptation of the original
randomization method for quantitative variable-based sensitivity surveys. Gupta et al. (2002)
suggested an optional version of the quantitative randomized response technique, allowing survey
participants to report the proper response. Gjestvang and Singh (2009) presented a randomization
method for data collection in sample surveys. Narjis and Shabbir (2023) developed an optimized
form of Gjestvang and Singh's (2009) model that incorporates the valid response option. Diana
and Perri (2011) proposed a quantitative scrambling algorithm that combines additive and
multiplicative scrambling.

Mehta et al. (2012) suggested a three-stage scrambling technique and evaluated its properties.
Gupta et al. (2013) proposed generalized scrambling algorithms for sensitive surveys. Gupta et al.
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(2014) used a non-sensitive auxiliary variable to estimate the mean using various scrambling
algorithms. Hussain et al. (2016) developed an optimal variation of quantitative scrambling models
that employ additive noises. Khalil et al. (2021) investigated the effect of observational error on
parameter estimating in sensitive surveys.

There are many different kinds of quantitative models for randomized responses available in the
literature. In any particular data collection task including sensitive features, the technique chosen
is governed by two major factors: survey participant privacy and model efficiency. These two
aspects influence the efficacy of a quantitative technique. Gupta et al. (2018) proposed a new
metric for evaluating survey methods. For other assessments of randomized response approaches
in various contexts, readers can refer to Yan et al. (2008), Young et al. (2019), Murtaza et al.
(2020), Zhang et al. (2021), Azeem and Ali (2023), and Azeem et al. (2024).

Gupta et al. (2022) developed an optional scrambling procedure that allowed survey respondents
to report their results using either additive or multiplicative scrambling. Gupta et al. (2022) showed
that their scrambling method outperformed Diana and Perri's (2011) model in terms of respondent
privacy and model precision. Azeem (2023) recently introduced a single weighted metric for
evaluating models.

Available Models
Consider a population consisting of N units, and let a sample of n elements be selected using a
sampling with replacement design. Let us denote the main sensitive variable by Y, and let S denote

arandom variable. Let us also assume that E(Yi ) =pv,V (Y)=c, E(S)=6,and V(S)=c3.
In addition, let T be another random variable withE(T) =1, and. Let F be a static response
established by the interrogator based on previous knowledge or a pilot survey. Let E(F)=F,

and Var (F) = 0. To protect privacy, we assume that the variables are independent of one another.

Bar-Lev et al. (2004) Technique
The response function is described as under:
(Y with probablity P = 4

Zg = o+ )

TY with probablity (1— P) =——
|L o+p

'[Lhe jolrﬁ‘uka for the estimation of mean might be express as:
o T @)
The formula1 of variance as follows:
Var (W )=_|_|_62+62(62+},L2)—|J A3)
B n Y T Y Y

Gjestvang and Singh (2009) Technique
The response function is described as under:
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(Y' +aS  with probablity P = B
Zos = j| arp (@)
Y —BS with probablityl- P =
|L o+p
The mean estimator may be expressed as:
2.2
Wes= i:ln ®)
The formula ff variance is as follows:
var(lf )="lc? 240%)1 6
(HGS) nLch +ocB(GS+ )J (6)
Narjis and Shabbir (2023) Technique
The mo[del is described as follows:
Y,+aS withprobablity P, = ———
a+B+A
. . o
Z. =1Y.—BS with probablity P, = 7
NS Y| B p y 2 o+ B + }\’ ( )
p A
Y, with probablity _—
a+pB+A

The esf.irﬁatgr of mean might be express as:

—Z 8)

The formula o var (ance is 35 followws

o’ | ©)

Var(uNs) »L o+A+p U

The Gupta et al. (2024) Technique
The mﬁ)del is described as follows:
Y

+B+A

Z. =4{Y+S with probablity P, = —B—
o+ +A

(0

a+P +A
'[Lhe gslirﬁaior of the mean is given by:

HZ i (11)

Y with probablity P1=

(10)

TY +S with probablity P3 -
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The sampll ariance |s glven by 1
v —V 0th
ar(}i ) OL+[3+7L q( “Y)q- O OL+B+7¥| (12)

Proposed Forced Randomized Response Model
By taking motivation from the study of Narjis and Shabbir (2023), we develop a forced quantitative
technique where the option of a fixed response is added to the model. The response noted from the
proposed new model is described as follows:

O[S TY +aS with probability P :—B—

(a+P)r
po—&
Z, =4{TY —BS with probability , : (13)
(a+P)r
1
F with probability pazl_x

Where a, B, and A represent predetermined constants the interrogator assigns based on earlier
information or by polite survey. According to the model presented in equation (13), an unbiased
mean estimator is provided by:

E > Z,-FP,
Wp= Nt . (14)
P,+P,
We now analyze the properties of the mean estimator given in equation (14).
Theorem 1: Using the new forced technique, the sample mean W, is an unbiased estimator of L,

Nz pF
We=N"a
P,+P,
Proof: Applying expectation on the estimator presented in equation (12), we get:

(1< Z - FP\|

E(ke)= E'( PP J

13 E(z)-EF)P

_ N ,
P, +P,
_E(z)-FP,
P+P,
Now
E(Zi) =E[(TYi+aS)P1+(TYi—pS)P2 + FPs] (15)

Putting the value of E(Zi) , we get
= P1[E(TY;) +a E(S)] + P[E(TY) - B (S)] + PsE(F).



Journal of Asian Development Studies Vol 14, Issue 2 (June 2025)

Additional simplification yields:

E(W) =k

Theorem 2: The mathematical formula for the variance of the estimator W', can be written as:
{(0 +u )+(G +u )G +(62+0 )aB }k AF2 |

Var (W )=
)7 {p +F2+(uk u XF)ZF} -
L ]
Proof: We can obtain the variance of Z; as:
var(2)=E(22)-{E(z)} . (16)
In equation (14), E(Z?) can be solved as follows:
E(Z,)" =E|[(TY, +aS)?P, +(TY, - BS)? P, + F*P, |, (17)

We first introduce a few assumptions given below:

E(Y)=n,, E(T)=1 E(F)=F,E(5)=0, |

E(Y?) =0y +ui, E(5?) =0 (18)
£(T?) =" +1, E(F) = F?, Var(F)=0. |

Puttlng equation (15) in equatlon (16), we get:
(G +62)0c[3 +(c R )c +(A 1)F2+(G +p)

(19)
rqlewzusmg)equgt()nz(lg))n %Jatlorkslll?)}we(\ et qu
)
A : 20
—{F[1- — oy |
L LA ]
Taking the variance of equation (12) gives:
Var (. ) ZVar (). (21)
2 2
(P +R) &
Using equati 8) in equation 9 ylel
) T-‘% G+93%0 (G+H)G}7\,F2—|
Var = : 22
" {u +F2+2F(ux p M:)} ‘ (@)
L
Evaluation of Models
Yan et al. (2008) quantified the degree of privacy in the following measure:
v=E[z-YT]. (23)
A unified metric of performance evaluation offered by Gupta et al. (2018) may be expressed as:
d = MSE (24)

v
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Upon examining equations (21) and (22), it is clear that a preferable model has a greater value of

V and a smaller value of 6.
The metric privacy using of Bar-lev et al technique can be expressed as follows:

Ve =03 ((SYZ + uﬁ)(l— P). (25)
The unified metric using the Bar-Lev et al technique can be quantified as follows:
5 =1[ (o/+1))o}+o} | (26)

n L| (q2+ pyz)(l— P)G? |J

The metric privacy using the Gjestvang and Singh can be expressed as follows:

Ve =02Ba.
The unified metric according to the Gjestvang and Singh model can be formulated as follows:
1 [(652 +62)0c[3 +ol
== . 27)
GS
nf| apog I
The metric of privacy using the Narjis and Shabbir technique is given by:
ap (a+p)o
Vg =———>, 28
" o+p+A (28)
The unified metric using the Narjis and Shabbir model is given by the formula:
1[ op (a+B)o; —l
8 - o+P 4y (29)
_‘ \G V) )ocp ||
LY a+Bey
The n}eas&re qf prlvacy of Gupta et al:
{ 0% +pl 02$+0 (30)
G LOL +B J Y Y T S
The unl[fled metric using the Gupta et al modgl can bqe expressed as:
6%+ —E—q?2 (6 + 2)+—L |
L+B S
1’ Y O a+A+B T v y o+ |
8 == 7 ) i (31)
n 22\ 2 a 2
+U, )Jo — —|+0
[ S Y
The piivacy metric using the proposed model might be obtained as:
== |_|_(c 2 tH 2)6 2 +(G 210%)ap +{(c5 24 3 )+ F2-2u F}) _1)—|J (32)
Y
The unlfled metr[l ngztheE) op sed moj el mlg tbe ob ained as:
T{c +u5 20 +u?)o?+(c2+02)ap “AF?]
1 Y y o1
Al —{u2+ F2+2F (;,L A—u —KF)}
or Y Y Y (33)

= 1l_ =1
Te2rn)o 2+(c 270 afp HG 2+ p )+ FZ =20 FI(A—1) |
;L Y Y T S Y Y Y J
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The measures provided in equations (31) to (32) may be used for the comparison of models.

Model Comparison

Table 1 presents the sampling variances for our proposed forced model and the competing models,
with various parameter values. Table 2 displays the & values for different models with varied
parameter values.

Table 1: Sampling variance under various models for various values of constants and

parameters
n=500, p =2 6°=10,0=07,6°=05,6%=0.5,F=2
A a B Var(ig)  Var(ly) Var(Gy)  Var(Uss) Var(dp)
0.5 15 0.02550 0.02128 0.02840 0.02153 0.00177
1 2 0.02486 0.02175 0.02933 0.02204 0.00202
25 0.02438 0.02223 0.03000 0.02255 0.00228
15 0.02788 0.02268 0.02600 0.02306 0.00253
2 2 0.02711 0.02363 0.02700 0.02408 0.00304
25 0.02650 0.02459 0.02778 0.02510 0.00355
0.6 15 0.02532 0.02123 0.02840 0.02153 0.00852
1 2 0.02472 0.02170 0.02933 0.02204 0.00882
25 0.02427 0.02218 0.03000 0.02255 0.00913
15 0.02768 0.02261 0.02600 0.02306 0.00944
2 2 0.02696 0.02355 0.02700 0.02408 0.01005
2.5 0.02637 0.02450 0.02778 0.02510 0.01066
0.7 15 0.02516 0.02120 0.02840 0.02153 0.01527
1 2 0.02460 0.02165 0.02933 0.02204 0.01563
25 0.02417 0.02213 0.03000 0.02255 0.01599
15 0.02750 0.02255 0.02600 0.02306 0.01634
2 2 0.02681 0.02347 0.02700 0.02408 0.01706
25 0.02625 0.02441 0.02778 0.02510 0.01777

TR0 UG %I@éﬁh@eﬁﬁﬂ&uﬂﬁ(ﬁﬁl@ for vaPidusvakies of constants and parameters

a B Oc Oys Oys s op
0.5 15 0.007727 0.034040 0.006760 0.028710 0.000320
2 0.008773 0.025370 0.006290 0.022040 0.000330
1 2.5 0.009750 0.020330 0.006000 0.018040 0.000350
15 0.006194 0.017280 0.008670 0.015370 0.000360
2 0.006778 0.013290 0.007710 0.012040 0.000380
2 2.5 0.007338 0.010930 0.007140 0.010040 0.000390
0.6 15 0.007674 0.035110 0.006760 0.028710 0.001360
2 0.008725 0.026040 0.006290 0.022040 0.001320
1 2.5 0.009707 0.020780 0.006000 0.018040 0.001280
15 0.006152 0.017660 0.008670 0.015370 0.001250
2 0.006739 0.013540 0.007710 0.012040 0.001200

2 2.5 0.007303 0.011110 0.007140 0.010040 0.001150
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0.7 15 0.007623 0.036170 0.006760 0.028710 0.002240
2 0.008680 0.026710 0.006290 0.022040 0.002180

1 25 0.009667 0.021240 0.006000 0.018040 0.002120

15 0.006111 0.018040 0.008670 0.015370 0.002070

2 0.006702 0.013790 0.007710 0.012040 0.001980

2 25 0.007269 0.011280 0.007140 0.010040 0.001900

A real-world survey

A survey was conducted using the proposed randomized response model with a sample of 100
undergraduate students from the Statistics Department at the University of Malakand, Khyber
Pakhtunkhwa, Pakistan. The purpose was to determine the average examination grades on a 4.0-
point scale. To generate random variables, 100 integers for the additive-type scrambling variable
S were created using a normal distribution with parameters 2 and 3, and another 100 integers for
the multiplicative-type scrambling variable T with parameters 1 and 2. A deck of 100 cards was
prepared, each with values for S and T, and was utilized as a randomization technique. Students
were instructed to randomly draw a card and follow its instructions while keeping their chosen
card hidden from the interviewer to ensure response confidentiality.

Furthermore, the values of parameters and constants were selected aso.= 3, 3 =2, and y=2. The
likelihood of choosing different cgrds was determined as:

P=—%— =030 P e 0.20,and P =1- 1 =05

bo(atBr 2 (a+B)M o
By applying these values in Equation (13), the response function we observe can be interestingly

expressed as:
TY +2S  with probability P,=0.3

Z, ={TY =3S  with probability P,=0.2 (33)
3.4 with probability P3=0.5

Every card in the deck showcased a powerful statement, highlighting one of four distinct ideas.
i.  Thirty percent of the cards featured the directive: “Multiply T by your SGPA, then add aS and
provide the resulting number”.
ii.  Twenty percent of the cards featured the directive: “Multiply T by your SGPA, then subtract
BS and provide the resulting number”.
iii.  Fifty percent of the cards instructed: “Provide the given number”.
The responses gathered from the 100 participants were analyzed for clarity and accuracy.

Table 3: Survey Observati n

-3.30 3.40 12.80 -2.49 10.20 3.40 3.40 -11.44 4.52 3.40
-11.93 3.40 3.40 3.40 3.40 3.40 3.40 -0.90 14.78 3.40
3.40 12.20 3.40 16.30 3.40 -2.74 8.24 10.09 -4.81 9.12
3.40 3.40 8.20 3.40 -4.58 10.09 3.40 -3.32 13.20 3.40
-3.69 3.40 5.65 9.80 3.01 8.99 3.40 3.40 11.40 3.40
3.40 3.40 3.40 9.50 -12.26 3.40 -5.60 3.40 -4.68 -10.40
3.40 17.20 12.45 3.40 3.40 3.40 11.20 -0.74 -2.90 3.40
3.40 -0.52 3.40 10.10 12.50 -10.69 -3.20 3.40 16.58 10.12
3.40 5.85 3.40 3.40 -3.02 -8.42 1.50 4.89 1.30 3.40

12.20 3.40 6.54 3.40 3.40 3.40 10.30 3.40 10.26 -10.15
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The scrambling procedure employed for the responses resulted in some bad results or even
exceeding the highest bound of the grading scale. In the proposed model, the responses observed
had a mean value of 3.52. To test the estimator's accuracy, the researcher acquired marks for all
enroll students in the Department of Statistics from the office of examination of the university and
estimated the population mean, which was 3.39.

Discussion and Conclusion

We developed a novel forced scrambling strategy using forced answers, which has been shown to
outperform existing techniques across several model assessment measures. As shown in Table 1,
our proposed forced technique is more effective than the competing methods identified in earlier
studies. Additionally, table 2 demonstrates that this innovative forced strategy outperforms
existing methods across various constant and parameter values when applying Gupta et al. (2018)
unified measure. As observed in table 1, decreasing the value of A tends to decrease the variance
of our model, which increases its efficiency and enhances the overall reliability compared to
competitors' models.

The suggested model, such as Narjis and Shabir's (2023), alleviates some of the strain on survey
respondents by not requiring a thorough understanding of mathematics. To participate in the
survey, respondents must be able to perform basic addition and multiplication using an electronic
calculator or a smartphone app. This improves the proposed model's applicability to real-world
problems. Table 2 indicates that increasing the value of A reduces the unified measure of our model
and increases its efficiency, improving its overall dependability compared to competing models.
From a practical standpoint, the forced response model offers significant benefits for sensitive
surveys in fields like sociology, psychology, and economics, where respondents might be reluctant
to disclose truthful information due to privacy concerns or social desirability bias. By integrating
fixed responses, respondents may feel more comfortable participating, thus reducing non-response
rates, a pervasive challenge highlighted in the literature. The comparative analysis, as shown in
Tables 1 and 2, demonstrates that the proposed model can achieve lower sampling variances and
higher privacy metrics under various parameter settings, indicating superior performance in terms
of efficiency and confidentiality.

The randomization process used for the responses has led to some results exceeding the upper
limits of the grading scale or appearing as negative values. The mean value of the responses
produced by the proposed model is 3.52, reflecting a moderate assessment within the grading
framework. To assess the estimator's accuracy and reliability, the researchergathered the complete
grade records of all current students from the Statistics Department through the office of the
university examination. Calculations revealed that the average value of the population is 3.39. The
notable discrepancy between the model's mean and the actual population mean indicates that the
model is effective and reliable in capturing the general trends of student performance, while also
revealing areas where response accuracy could be improved.

The use of unified metrics (equations 31 and 32) enables practitioners to evaluate the trade-offs
between privacy and precision systematically. Notably, the model’s higher privacy protection,
quantified through the metrics derived from Yan et al. (2008) and Gupta et al. (2018), underscores
its suitability for real-world applications involving highly sensitive data, such as income, illegal
activities, or illicit behaviors.

For future researchers, we advocate investigating the variance estimation of sensitive variables
using the proposed approach. We can expect variance estimators to outperform the majority of
existing estimators using the suggested model.
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